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Abstract
We discuss the relation between the “compositeness” of an s-wave bound state, as derived from a
related partial wave scattering amplitude, and the corresponding spatial probability densities, for the
case of spherically symmetric, energy-independent finite-range potentials in non-relativistic quantum
mechanics. We find that in this simple case “compositeness” is a measure for the probability to find
the constituents separated by a distance greater than the interaction range.
1
I. INTRODUCTION
In the past few years, the concept of “compositeness” of hadronic bound states and resonances
[1–10] has played a prominent role in the discussion on the “nature” of hadrons (hadronic
molecules vs. quark-antiquark or three-quark states, etc., see [11] for a recent review). The
debate on this topic can be traced back to the time when “so many new strongly interacting
particles were being discovered at accelerators like the Bevatron that we had to give up on iden-
tifying which of them were elementary particles, whose fields would appear in the Lagrangian,
and we even began to doubt if we knew what was meant by a particle being elementary”
[12], and when subsequently quantitative methods were developed [13–17] to assess the various
“components” in a given hadronic state (see also the more recent work in [18–20]). Consid-
ering a hadronic bound-state or resonance H that couples to some hadronic two-body state,
the “compositeness” C is basically given by 1−Z, where Z (the field renormalization constant
pertaining to H) is sometimes interpreted as the probability to find a bare “elementary” state
in the state H (or, more generally, anything else than the composite two-body state)1. For
Z = 0, H is considered a “purely composite” state.
In the present work, we shall follow the more operational prescription of deriving the “com-
positeness” from on-shell partial wave amplitudes (see Eqs. (10)-(12) below), which is used in
practical applications in hadron physics, where the wave functions are not known beforehand,
but parameterizations of partial wave amplitudes are readily at hand. This will allow for a
largely model-independent interpretation of the extracted “compositeness”.
We consider spherically symmetric finite-range potentials V , strictly vanishing beyond some
distance d (0 < d < ∞), and show that in this case, the “compositeness” of an s-wave bound
state (in the sense just alluded to) is closely related to another probability, namely the one
to find the two (point) particles of the two-body state separated by a distance greater than
the range of their interaction. Although this is pretty straightforward to show, we didn’t find
an explicit statement to that effect in the literature. We assume non-relativistic dynamics,
and treat the two-particle system as one particle of reduced mass µ in a fixed potential cen-
tered at the origin. Let us emphasize that we stay in the realm of standard non-relativistic
1 Strictly speaking, in no measurement does one ever “find a bare state in the bound state”, but one might
find, e.g. in a measurement of form factors of a bound state, a “hard core”, i.e. a structure that is noteably
smaller than the typical size expected for a two-body bound state with a given interaction.
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quantum mechanics here, and do not consider potentials V with an explicit energy depen-
dence. For energy-dependent potentials, the bilinear form used to determine scalar products
(normalizations, expectation values) has to be modified [21–24]; otherwise, wave functions for
different energy eigenvalues are not guaranteed to be orthogonal to each other, and properly
normalized, any more (and one would have to search for generalizations of completeness re-
lations). Still, the effective potentials encoded in the on-shell partial wave amplitudes, from
which the “compositeness” is usually inferred in practice, will in general be energy-dependent,
see e.g. Eqs. (10), (18) below. As we will see, this leads to values for the “compositeness”
different from one, while the bound-state wave functions are normalized in the standard way
for energy-independent potentials.
II. LSE AND ASYMPTOTIC WAVE FUNCTIONS
We start with the Lippmann-Schwinger equation (LSE) for the off-shell scattering amplitude
T (~q ′, ~q;E) of fixed energy E, with ~q, ~q ′ the off-shell three-momenta of the incoming and out-
going particle, respectively:
T (~q ′, ~q;E) = V (~q ′, ~q) +
∫
d3l
T (~q ′,~l;E)V (~l, ~q)
E − |~l|2
2µ
, V (~q ′, ~q) =
∫
d3x
(2π)3
e−i(~q
′−~q)·~xV (~x) . (1)
See e.g. the textbook [25]. It is understood that the physical E-axis is to be approached from
the upper complex plane, E → E + iǫ. Formally, the solution can be written as
T (~q ′, ~q;E) = V (~q ′, ~q) +
∑
n,ℓ,m
(
|~q ′|2
2µ
− En
)
ψ˜nℓm(~q
′)ψ˜∗nℓm(~q)
(
|~q|2
2µ
− En
)
(2π)3(E − En) , (2)
with a complete set of momentum-space eigenfunctions for the Hamiltonian with potential V ,
normalized as∫
d3p
(2π)3
ψ˜∗n′ℓ′m′(~p)ψ˜nℓm(~p) = δn′nδℓ′ℓδm′m for the discrete part of the spectrum, and∫
d3p
(2π)3
ψ˜∗n′ℓ′m′(~p)ψ˜nℓm(~p) = δ(En′ − En)δℓ′ℓδm′m for the continuous part of the spectrum.
Completeness here means
∑
nℓm ψ˜nℓm(~p
′)ψ˜∗nℓm(~p) = (2π)
3δ3(~p ′ − ~p). For the continuum part
of the spectrum, the summation over the eigenvalues En is of course to be replaced by an
integration ∼ ∫ dEn . To see that this form of the solution makes sense, just plug it as an
ansatz in Eq. (1), and use the fact that the wave functions solve the Schro¨dinger equation(
p2
2µ
− En
)
ψ˜nℓm(~p) +
∫
d3l V (~p,~l )ψ˜nℓm(~l) = 0 , p := |~p| , (3)
3
together with the completeness relation. As we consider spherically symmetric potentials V (~x),
we can write ~x in spherical coordinates r, θx, φx, and split off a spherical harmonic Yℓm(θp, φp)
in all wave functions ψ˜nℓm(~p), which contains all the angular dependence.
For almost all practical purposes, one is mainly interested in the on-shell partial wave amplitudes
following from T (~q ′, ~q;E). Denoting k := +√2µE (selecting the square root with the positive
imaginary part for complex E), these partial wave amplitudes are
Tℓ(E) := 1
2
∫ 1
−1
dzPℓ(z) lim|~q ′|,|~q|→kT (~q ′, ~q;E) , fℓ(k) := −(2π)2µTℓ(E) . (4)
Here z is the cosine of the scattering angle (the angle between ~q ′ and ~q), and Pℓ(z) denote
the usual Legendre polynomials. The conventionally normalized partial wave amplitudes fℓ(k)
obey the unitarity requirement Im (fℓ(k))
−1 = −k for real E > 0. Now, the spatial s-wave
bound-state wave functions for energy E = EB < 0 pertaining to the finite range potential
behave as
ψB00(~x) = NB e
−κBr
r
Y00(θx, φx) for r > d , (5)
i.e., outside the range of the potential, while the continuum wave functions ψE00(~x) behave as
∼ (eikrkf0(k) + sin(kr))/r in that region. In Eq. (5), we denote kB = k(E → EB) = iκB,
or κB = +
√−2µEB. The prefactor NB is fixed by the normalization
∫
d3x |ψB00(~x)|2 != 1
(choosing the phase of the wave function such that it is real). For the probability to find the
bound particle outside the range of the potential, we thus obtain
P (r > d) =
N 2B
2κB
e−2κBd . (6)
Let us now study the residue of fℓ=0(k) at the bound-state pole. From the above equations,
there can only be a non-vanishing residue if
ψ˜B00(~p) =
∫
d3x e−i~p·~xψB00(~x) (7)
has a pole ∼ (p2−k2B)−1. For a sufficiently regular potential, such a pole can only be generated
by the long-distance part of the integral in Eq. (7), since the Fourier integral of a sufficiently
regular integrand over a finite region (e.g. r < d) cannot produce such a strong singularity
(Paley-Wiener theorem). So we can in fact calculate the pole term from the asymptotic form
of Eq. (5),
ψ˜B00(~p) =
√
4πNB
p2 − k2B
+ regular terms , (8)
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and the residue of the s-wave amplitude at the pole E = EB then follows straightforwardly,
Res f0(kB) = −N
2
B
2µ
. (9)
III. EXTRACTION OF “COMPOSITENESS”
The partial wave amplitudes of a solution to a LSE are often written in the form
Tℓ(E) =
[
W−1ℓ,eff(E)−Greg(E)
]−1
, (10)
where Wℓ,eff(E) plays the role of an effective partial-wave potential, and Greg(E) is a regularized
version of the “loop” integral
∫
d3l
E− l
2
2µ
. Assume that the above amplitude has a simple bound-
state pole at EB, with residue Res Tℓ(EB). Then the second term in the splitting
1 = Res Tℓ(EB)
dW−1ℓ,eff
dE
∣∣∣∣
EB
+ Res Tℓ(EB)
(
−dGreg
dE
∣∣∣∣
EB
)
(11)
gives the “compositeness” of the bound state B, while the remaining first term is sometimes
called “elementariness” (see e.g. [1])2. The typical feature of the (regularized) loop integral is
that it has a branch point at the threshold energy (E = 0), and an imaginary part fixed by
unitarity, ImGreg(E) = −(2π)2µk for E > 0. The real part depends on the regularization used
in the computation3, and is typically regular in E, at least below some chosen cutoff scale. It
is clear from Eqs. (10), (11) that an energy-independent real constant in Greg can always be
absorbed in W−1ℓ,eff , without affecting the splitting in Eq. (11). To get rid of the residual model
dependence, we also absorb the possible remaining real regular terms in E in the effective
potential, and define our (“reduced”) compositeness as
CℓB := Res Tℓ(EB)(2π)2µi
dk
dE
∣∣∣∣
EB
= − µ
κB
Res fℓ(kB) . (12)
We expect that the term ∼ dk
dE
∼ E−1/2 dominates the full compositeness for small energies,
at least for a reasonable regularization, and so our redefinition should only induce a moderate
2 This prescription is commonly used in the context of separable potential models with an explicit energy
dependence. Our aim here, however, is to make sense of the quantities defined above in a model-independent
way, avoiding a definition via wave function normalization factors. See also the careful discussion in [6, 9].
3 Employing dimensional regularization, one obtains Gd.reg = −2µpiD2 Γ
(
1− D
2
)
(−ik)D−2 ; in our case, D → 3.
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modification in this case. - For the s-wave bound state discussed in the previous section, we
thus get
C0B =
N 2B
2κB
≈ P (r > d) for κBd≪ 1 . (13)
That is, up to the exponential factor appearing in Eq. (6), which is ≈ 1 for a weakly bound
particle in a short-range potential, the “reduced compositeness” C0B gives the probability to find
the bound particle outside the range of the potential, P (r > d) = C0Be−2κBd .
IV. EXAMPLE: SPHERICAL WELL
Let us verify the results of the foregoing sections with a concrete example, the spherical well
potential V (~x) = V0θ(d−r), where V0 is a real constant, r = |~x|, and θ(·) is the usual Heaviside
step function. The pertinent wave functions and partial wave amplitudes can be found with
standard methods, see e.g. Chapter 11 of [25].
Bound-state wave function for ℓ = 0 (V0 < EB < 0):
ψB00(~x) =
NB
r
(
θ(d− r)e−κBd
(
sin ξBr
sin ξBd
)
+ θ(r − d)e−κBr
)
Y00(θx, φx) , (14)
κB =
√
−2µEB , ξB =
√
−2µV0 − κ2B , tan(ξBd) = −
ξB
κB
, (15)
N 2B =
2κBξ
2
Be
2κBd
(1 + κBd)(κ
2
B + ξ
2
B)
. (16)
The corresponding momentum-space wave function is (again denoting p :=
√
~p · ~p )
ψ˜B00(~p) =
√
4πNB(κ2B + ξ2B)e−κBd
(
κB sin(pd) + p cos(pd)
p(ξ2B − p2)(p2 + κ2B)
)
. (17)
We point out that ψ˜B00(~p) is nonsingular at p = 0, and also at p = ±ξB, due to the bound-state
pole condition in Eq. (15). The pole at kB = iκB = ±p, however, is due to the long-distance
part of the Fourier integral in Eq. (7).
Continuum wave function for ℓ = 0 (E > 0, k = +
√
2µE):
ψE00(~x) =
√
2µ
πk
(
θ(d− r) k sin(ξr)e
−ikd
ξ cos(ξd)− ik sin(ξd) + θ(r − d)
(
eikrkf0(k) + sin(kr)
))Y00(θx, φx)
r
,
f0(k) =
k sin(ξd) cos(kd)− ξ cos(ξd) sin(kd)
keikd(ξ cos(ξd)− ik sin(ξd)) ≡
[
K−10 − ik
]−1
, ξ =
√
k2 − 2µV0 , (18)
K0 =
k sin(ξd) cos(kd)− ξ cos(ξd) sin(kd)
k(k sin(ξd) sin(kd) + ξ cos(ξd) cos(kd))
.
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Note that K0 is even in k and in ξ, so it is real for real E, and does not possess branch cuts
(but it can have poles for positive energies). It plays a similar role as the effective potential
Wℓ,eff(E) in Eq. (10). - There are now two ways available to compute the residue of f0 at the
bound-state pole EB, either from Eq. (17), relying on the representation of the relevant pole
term in Eq. (2), or directly from the (asymptotic) form of the continuum solution in Eq. (18),
where f0 appears explicitly. We find that both results agree, and indeed confirm Eq. (9).
The associated compositeness, as defined in Eq. (12), is equal to one forEB → 0, and approaches
zero when EB
V0
→ 1 for V0 6= 0. A probabilistic interpretation of C0B can only be assumed if
C0B ≤ 1, which is not generally true. On the other hand, the probabilistic interpretation of the
two terms in 1 = P (r < d) + P (r > d) is guaranteed for any energy-independent finite-range
potential, and any possible value of EB.
V. CONCLUSIONS
We have shown that the splitting into “compositeness” and “elementariness” of a weakly bound
s-wave state in an energy-independent short-range potential is very close to the splitting of unity
into the probabilities P (r > d) and P (r < d), the probabilities to find the particle outside/inside
the range of the potential (or, in the overall picture of two particles in their c.m. frame, to
find the particles separated from another by a distance greater/smaller than the range of their
mutual interaction). This once again supports the concept of “compositeness” as a useful
assessment of the composite nature of a given bound state. From the above observations, one
might wish to replace the name “elementariness” by something like “confinedness”. In QCD,
of course, one expects a confining potential exactly for the interaction between the quarks, and
in this respect, relating our d to a scale like the confinement radius, the usual interpretations
in terms of “hadronic molecules” vs. “quark-antiquark states” etc. could even be justified in
the present simple framework. For the case of infinite-range potentials, let alone for the case of
fully relativistic quantum field theory, we believe that such a simple interpretation as proposed
here will not be available, but it might be worthwhile to search for appropriate generalizations.
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